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Abstract
We obtain sharp lower and upper bounds for the number of maximal (under inclusion)
independent sets in trees with fixed number of vertices and diameter. All extremal trees are
described up to isomorphism.
Introduction
A subset of pairwise disjoint vertices of a graph is called an independent set. We call and
independent set a maximal independent set (m. i. s.) if it is not contained in an independent set of
greater size. Let iM (G) denote the number of m.i.s. in G , and n(G) denote the number of vertices
of G . The sets of vertices and edges of a graph G are denoted by V (G) and E(G) respectively.
Let ∂v denote the set of all neighbors of v . Write G \S for the subgraph of G , generated by a set
V (G) \ S .
The number of edges in a path is called its length. A diameter of a tree T is the maximal length
diam(T ) of a path in T . Let d, n ∈ N , and let d < n . Every tree of diameter d on n vertices,
having the minimal (maximal) number of m. i. s. among all trees of the same diameter and number
of vertices, is called the (n, d)m.i.s.–minimal (respectively, (n, d)m.i.s.–maximal).
The problem of counting independent sets in trees of fixed diameter was addressed in [3], where
sharp upper bound was provided for the number of all (not necessarily maximal) independent sets
in trees with a given number of vertices. The extremal trees were characterized up to isomorphism.
In the same paper the problem of finding lower bounds for the number of independent sets in trees
of fixed diameter was raised. Although the latter problem is still open, some progress was achieved
in [2] and [1].
The purpose of the current report is to solve the similar problem for maximal independent sets.
The lower bound is almost trivial, while the upper bound requires some effort. Sharp upper bounds
for the number of m. i. s. in trees without any restrictions on diameter was obtained by H. S. Wilf
in [5], and B. Sagan in [4] described the structure of extremal trees. Below we provide the complete
characterization of (n, d)m.i.s.–maximal trees, thus generalizing the results of Wilf and Sagan.
By ψn we denote the number of vertices in a path on n vertices. The sequence ψn , obviously,
can be defined by the recurrence ψn = ψn−2+ψn−3 and the initial conditions ψ0 = ψ1 = 1, ψ2 = 2.
The following table shows the values of ψn for small n :
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n 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
ψn 1 1 2 2 3 4 5 7 9 12 16 21 28 37 49 65
Bounds for the number of maximal independent sets
Let U = {u1, . . . , ud−1} , V = {v1, . . . , vp} , W = {w1, . . . , wq} . By Bd,p,q we denote the tree
on vertex set U ∪ V ∪W such that its subtrees generated by {u1} ∪ V , {ud−1} ∪W and U are
isomorphic to K1,p , K1,q and Pd−1 respectively. Note that Bd,1,1 ' Pd+1 . It is easy to check that
for all p, q we have iM (Bd,p,q) = iM (Pd+1) = ψd+1 .
Theorem 1. Let d > 3 and let T be an (n, d)m.i.s–minimal tree. Then T ' Bd,p,q for some p, q .
Proof. Let d > 3 and let T be an (n, d)m.i.s.–minimal tree. Consider a diametrical path P of T .
Every m. i. s. in P is contained in at least one m. i. s. in T , and different m. i. s. in P are contained
in different m. i. s. of T . Thus iM (T ) > iM (P ) = ψd+1 .
Assume there are no p, q such that T ' Bd,p,q . Then there is a vertex u in P , which is not
adjacent to either of ends of P , but is adjacent to some v ∈ V (T ) \ V (P ). Let F be a subgraph
of T generated by a set V ′ = {v} ∪ (V (P ) \ ({u} ∪ ∂u)). Consider a m. i. s. S in F that contains
v . Note that we can add some vertices from V (T ) \ (V (P ) ∪ {v}) to S to obtain some m. i. s. in
T , and at the same time S ∩ V (P ) is not a m. i. s. of P . But it implies iM (T ) > iM (P ) which
contradicts the assumption of (n, d)m.i.s.–minimality of T .
Proposition 1. Let T be an arbitrary tree. Let T contain a vertex adjacent to two or more leaves,
and let u be one of these leaves. Then for a tree T ′ , obtained from T by removal of u, we have
iM (T ′) = iM (T ).
Proof. It is sufficient to note that if u1, . . . , ur are the leaves of T having the common neighbor,
then any m. i. s. of T either contains all vertices u1, . . . , ur , or contains none of them.
Lemma 1. For all n and d such that 4 6 d < n every (n, d)m.i.s.–maximal tree contains no
vertices adjacent to two or more leaves.
Proof. Let us assume that for some d > 4 there is a (n, d)m.i.s.–maximal tree T , which has a
vertex adjacent to two or more leaves. By removing one of these leaves, we get a tree T ′ , that,
by proposition 1, has iM (T ′) = iM (T ). Moreover, diam(T ′) = diam(T ) and n(T ′) = n(T ) − 1.
Observe that in every tree of diameter at least four, there exists a vertex that is not adjacent to
any leaf and that is either not leaf or is a leaf not lying on the diametrical path. Let v be such
a vertex in T ′ . By adding a new leaf u to T ′ and connecting it to v we get the tree T ′′ , that
has n(T ′′) = n(T ), diam(T ′′) = diam(T ) and iM (T ′′) > iM (T ). This contradiction completes the
proof.
For natural n, d such that 4 6 d 6 n− 1, define a function M(n, d):
M(n, d) =

ψd−1 + (2(n−d+1)/2 − 1)ψd−2, for d > 4, n− d = 2k + 1, k > 0,
ψd−2 + ψd, for d > 4, n− d = 2,
2(n−d)/2ψd−1, for d ∈ {5, 6} ∪ [8,∞], n− d = 2k, k > 2,
2(n−d)/2ψd−1 + 1, for d ∈ {4, 7}, n− d = 2k, k > 2.
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Proposition 2.
1) For d > 4 and all n, n > d+ 3, such that 2 - (n− d), we have M(n, d) > M(n, d+ 1).
2) For d > 4 and all n, n > d+ 2, such that 2 | (n− d), we have M(n, d) 6 M(n, d+ 1), and
M(n, d) = M(n, d+ 1) only if d = 4.
3) For d > 4 and all n, n > d+ 3, we have M(n, d) >M(n, d+ 2), and M(n, d) = M(n, d+ 2)
only if d = 5 and n is even.
Proof.
1. Let 4 6 d 6 n−3 and 2 - (n−d). If n = d+3, then M(n, d)−M(n, d+1) = 2ψd−2−ψd−1 > 0.
If n > d+ 5 and d 6= 6, then
M(n, d)−M(n, d+ 1) = ψd−1 − ψd−2 + 2(n−d−1)/2(2ψd−2 − ψd) > ψd−1 + 7ψd−2 − 4ψd > 0.
If n > d+ 5 and d = 6, then M(n, d)−M(n, d+ 1) = 2(n−7)/2 > 0.
2. If d = 4 and n is even, then the equality M(n, d) = M(n, d+ 1) can be easily checked. Let
5 6 d 6 n−2 and 2 | (n−d). If n = d+2, then M(n, d+1)−M(n, d) = ψd−1−ψd−2 > 0. If
d 6= 7 and n > d+ 4, then M(n, d+ 1)−M(n, d) = ψd − ψd−1 > 0. If d = 7 and n > d+ 4,
then M(n, d+ 1)−M(n, d) = 1 > 0.
3. If 4 6 d 6 n− 3 and 2 - (n− d), then M(n, d)−M(n, d+ 2) = (2(n−d−1)/2− 1)(2ψd−2−ψd),
which implies that M(n, 5) = M(n, 7), and M(n, d) > M(n, d+ 2) for d 6= 5.
If d = 4 and n is even, then M(n, d)−M(n, d+2) = 1 > 0. Let 5 6 d 6 n−3. For n = d+4
we have M(n, d)−M(n, d+ 2) > 3ψd−1 − 2ψd > 0. If n > d+ 6 and 2 | (n− d), then
M(n, d)−M(n, d+ 2) > 2(n−d−2)/2(2ψd−1 − ψd+1)− 1 > 0.
Proposition 2 implies the following.
Lemma 2. If 4 6 d′ < d′′ 6 n− 1, then
1) Argmax
d′6d6d′′
M(n, d) =

{d′ + 1}, for d′ > 5, 2 | (n− d′),
{4, 5, 7} ∩ [d′, d′′], for d′ 6 5, 2 | n,
{d′}, for d′ ∈ {4} ∪ [6,∞], 2 - (n− d′).
2) max
d′6d6d′′
M(n, d) =
{
M(n, d′ + 1), for 2 | (n− d′),
M(n, d′), for 2 - (n− d′).
3) max
d>d′
M(n, d) 6M(n, 4).
Lemma 3. For n− 2 = d > 5 every (n, d)m.i.s.–maximal tree T is isomorphic to one of the trees
on fig. 7, and iM (T ) = M(n, d).
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Proof. Induction on d . For 5 6 d 6 8 the statement of the lemma is easily checked. Let d > 9 and
assume the lemma to be true for the trees of diameter at most (d− 1). Let T be a (d+ 2, d)m.i.s.–
maximal tree. Let v be the only vertex of T that does not lye on the diametrical path. Let u be
the ending vertex of diametrical path, that is furthest to v . Let u′ be the neighbor of u and let u′′
be a vertex at distance 2 from u . Using the induction hypothesis we can estimate iM (T ):
iM (T ) = iM (T \ {u, u′}) + iM (T \ {u, u′, u′′}) 6M(n− 2, d− 2) +M(n− 3, d− 3) = M(n, d),
and the equality iM (T ) = M(n, d) can hold only if T \ {u, u′} and T \ {u, u′, u′′} are isomorphic
to some trees on fig. 7. But this can only be if T is also isomorphic to a tree on fig. 7c.
Lemma 4. Every (n, 5)m.i.s.–maximal tree is isomorphic to one of the trees on fig. 3a,3b.
Proof. Let T be an arbitrary (n, 5)m.i.s.–maximal tree. If T is as shown on fig. 3a,3b, then it is
easy to check that iM (T ) = M(n, 5). Assume that T is not isomorphic to any of the trees on fig.
3a,3b. Then lemma 1 implies that it it is sufficient to consider the following two cases:
1. T is as shown on fig. 3c, where n > 9 and p > 2. In this case
iM (T ) = 2(n−5)/2(2 + 21−p) < 3 · 2(n−5)/2 = M(n, 5).
2. T is as shown on fig. 3d, where n > 8. In this case
iM (T ) = 2(n−4)/2 + 2p + 2(n−2p−4)/2 6 2 + 3 · 2(n−6)/2 < 1 + 4 · 2(n−6)/2 = M(n, 5).
Thus, in each of two cases we get a contradiction with maximality of T , which completes the
proof.
Trivially, every tree of diameter 1 or 2 contains exactly 2 m. i. s., and every tree of diameter 3
contains 3 m. i. s. For d > 4 the complete characterization of (n, d)m.i.s.–maximal trees is provided
by the following theorem.
Theorem 2. For all 4 6 d 6 n − 1 any (n, d)m.i.s.–maximal tree T has iM (T ) = M(n, t) and is
isomorphic to one of the trees listed in the following table:
d (n− d) extremal trees
4 2k + 1 (k > 1) fig. 2a
4 2k (k > 1) fig. 2b
5 2k + 1 (k > 1) fig. 3b (1 6 p 6 n−42 )
5 2k (k > 1) fig. 3a
6 2k + 1 (k > 1) fig. 1a
6 2 fig. 7a, 7c
6 2k (k > 2) fig. 4d (1 6 p 6 n−62 )
7 2k + 1 (k > 1) fig. 5b (1 6 p 6 n−62 )
7 2k (k > 1) fig. 5a
8 2k + 1 (k > 1) fig. 1a
8 2 fig. 7b, 7c
8 2k (k > 2) fig. 1b
> 9 2k + 1 (k > 1) fig. 1a
> 9 2 fig. 7c
> 9 2k (k > 2) fig. 1b
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Proof. The statement of the theorem for d = 4 follows directly from lemma 1, and for d = 5 is
corollary of lemma 4. Moreover, the statement is trivial for n = d + 1 and follows from lemma 3
for n = d+ 2.
Let d > 6, n > d+3, and assume that the theorem holds for all pairs (n′′, d) such that n′′ < n ,
and all pairs (n′, d′) such that d′ 6 d− 1. Let us prove that then the theorem also holds for (n, d).
Let T be an arbitrary (n, d)m.i.s.–maximal tree, and let P be some diametrical path of T . First
we will show that for every vertex v , which is not contained in P , the minimal distance from v to
vertices of P does not exceed 2. Let us assume the contrary and show that under this assumption
the inequality M(n, d) − iM (T ) > 0 holds, contradicting the choice of T . Lemma 1 implies that
only these cases are possible:
1. T is as shown on fig. 9a, where diam(T ′) = d and 1 6 t 6 n−d−22 . In this case
M(n, d)− iM (T ) > D1(n, d), where
D1(n, d) = M(n, d)−M(n− 2, d)−M(n− 2t− 1, d) · 2t−1.
Consider the following subcases:
(a) n = d+ 4. Then t = 1 and D1(n, d) > 4ψd−1 − ψd−2 − ψd − ψd+1 > 0.
(b) n = d+ 2k with k > 3. Then
D1(n, d) = 2(n−d)/2ψd−1 − 2(n−d−2)/2(ψd−1 + ψd−2)− 2t−1(ψd−1 − ψd−2) >
> 2(n−d)/2ψd−1 − 2(n−d−2)/2(ψd−1 + ψd−2)− 2(n−d−4)/2(ψd−1 − ψd−2) =
= 2(n−d−4)/2(ψd−1 − ψd−2) > 0.
(c) n = d+2k+1 with k > 2, and t = n−d−32 . Then D1(n, d) = 2(n−d−5)/2(3ψd−2−ψd) > 0.
(d) n = d+2k+1 with k > 3, and t 6 n−d−52 . Then D1(n, d) > 2(n−d−7)/2(8ψd−2−4ψd−1−1) > 0.
2. T is as shown on fig. 9b, where diam(T ′) = d and 1 6 t 6 n−d−32 . In this case we have
M(n, d)− iM (T ) > D2(n, d), where
D2(n, d) = M(n, d)−M(n− 2, d)−M(n− 2t− 2, d) · 2t−1.
Consider the following subcases:
(a) n = d+ 2k + 1 with k > 2. Then
D2(n, d) = 2(n−d−3)/2ψd−2 − 2t−1(ψd−1 − ψd−2) >
> 2(n−d−3)/2ψd−2 − 2(n−d−5)/2(ψd−1 − ψd−2) =
= 2(n−d−5)/2(3ψd−2 − ψd−1) > 0.
(b) n = d+2k with k > 3, and t = n−d−42 . Then D2(n, d) = 2(n−d−6)/2(4ψd−1−ψd−ψd−2) > 0.
(c) n = d+ 2k with k > 3, and t 6 n−d−62 . Then D2(n, d) > 2(n−d−4)/2(ψd−1 − 1) > 0.
In any case, the assumption of existence of a vertex distanced from P by 2 or more, contradicts
the (n, d)m.i.s.–maximality of T . From this and from lemma 1 it follows that in the remaining part
of the theorem we may assume that every vertex in T is at most 2 edges away from the diametrical
path, and every vertex of T is neighboring at most one leaf.
We shall consider the cases, when T has diameter 6 or 7, separately from the general case.
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1. diam(T ) = 6. Assume that T is not isomorphic to any of the trees on fig. 1a, 1b or 4d. Then
the following cases are possible:
(a) T is as shown on fig. 9b, where 1 6 t 6 n−62 and diam(T ′) > 3. If T ′ has only four
vertices, then iM (T ) = 2 + 3 · 2(n−6)/2 < M(n, 6). Let T ′ have at least 5 vertices. Then
lemma 2 and induction hypothesis imply
M(n, 6)− iM (T ) >M(n, 6)− max
d∈{5,6}
M(n− 2, d)− 2t−1M(n− 2t− 2, 4).
If n is even, then maxd∈{5,6}M(n− 2, d) = M(n− 2, 5) and
M(n, 6)− iM (T ) >M(n, 6)−M(n− 2, 5)− 2t−1M(n− 2t− 2, 4) > 2(n−8)/2 − 1 > 0.
If n is odd, then maxd∈{5,6}M(n− 2, d) = M(n− 2, 6) and
M(n, 6)− iM (T ) >M(n, 6)−M(n− 2, 6)− 2t−1M(n− 2t− 2, 4) = 2(n−7)/2 > 0.
(b) T is either isomorphic to one of the trees on fig. 4a, 4b, or isomorphic to the tree on
fig. 4c with 2 6 p 6 n−72 . The following table shows that in all these cases we have
iM (T ) < M(n, 6):
fig. iM (T ) lower bound for (M(n, 6)− iM (T ))
4a 2(n−3)/2 + 2p + 2(n−3−2p−2q)/2 − 1 2(n−7)/2
4b 2(n−4)/2 + 2(n−4−2q)/2 2(n−6)/2
4c 2(n−3)/2 + 2p + 2(n−3−2p)/2 − 1 2(n−7)/2 − 2
2. diam(T ) = 7. The following subcases are possible:
(a) T is as shown on fig. 9b, where 1 6 t 6 n−72 and diam(T ′) > 4. Then lemma 2 and
induction hypothesis imply
M(n, 7)− iM (T ) >M(n, 7)− max
d∈{6,7}
M(n− 2, d)− 2t−1M(n− 2t− 2, 4).
If n is even, then maxd∈{6,7}M(n− 2, d) = M(n− 2, 7) and
M(n, 7)− iM (T ) >M(n, 7)−M(n− 2, 7)− 2t−1M(n− 2t− 2, 4) > 3 · 2(n−10)/2 > 0.
If n is odd, then maxd∈{6,7}M(n− 2, d) = M(n− 2, 6) and
M(n, 7)− iM (T ) >M(n, 7)−M(n− 2, 6)− 2t−1M(n− 2t− 2, 4) = 0,
and lemma 2 and induction hypothesis imply that the equality
M(n, 7)− iM (T ) = M(n, 7)−M(n− 2, 6)− 2t−1M(n− 2t− 2, 4)
can only hold if t = 1 and T ′ is as shown on fig. 2a, which is possible only if T is as
shown on fig. 5a.
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(b) T is as shown on fig. 9a, where 1 6 t 6 n−62 . If n is even, then lemma 2 and induction
hypothesis imply
iM (T ) 6M(n− 2, 5) + 2t−1M(n− 2t− 1, 4) = M(n, 7),
and the equality iM (T ) = M(n, 7) can occur only if T ′ is as shown on fig. 2a, which
can only happen if T is isomorphic to the tree on fig. 5b.
Suppose now that n is odd, and T is not isomorphic to the tree on fig. 5a, and cannot be
considered in the scope of the case 2a. Then T is as shown on fig. 5c for some q, r > 0,
and we have
iM (T ) = 2(n−5)/2 + 2p+q + 2(n−2q−5)/2 6 5 · 2(n−7)/2 < M(n, 7).
All cases when d = diam(T ) 6 7 were considered above, and in the remaining part of
the proof we will assume d > 8. Fix some diametrical path P in T . Let w, w′, u, u′, u′′ be
the successive vertices of P , where w is an end of P . We will assume that if w˜, w˜′, u˜, u˜′, u˜′′
are successive vertices of P such that w˜ is the ending vetrex of P opposite to w , then the
tuple of degrees (degw, degw′, deg u, deg u′, deg u′′) is lexicographically no less than the tuple
(deg w˜, deg w˜′, deg u˜, deg u˜′, deg u˜′′). We will split the proof into the consideration of the following
cases:
1. Vertex u is adjacent to t paths on two vertices, where t > 2, and u is adjacent to no leaves.
In this case T is as shown on fig. 9a, where diam(T ′) > d− 3. We have
iM (T ) 6M(n− 2, d) + 2t−1 · max
d′>d−3
M(n− 2t− 1, d′). (1)
(a) If 2 - (n− d) then lemma 2 implies maxd′>d−3M(n− 2t− 1, d′) 6M(n− 2t− 1, d− 3).
Then (1) implies
M(n, d)− iM (T ) >M(n, d)−M(n− 2, d)− 2t−1 ·M(n− 2t− 1, d− 3) =
= 2(n−d−1)/2ψd−2 − 2(n−d+1)ψd−5 − 2t−1(ψd−4 − ψd−5) >
> 2(n−d−1)/2ψd−2 − 2(n−d+1)/2ψd−5 − 2(n−d−1)/2(ψd−4 − ψd−5) = 0,
and equality iM (T ) = M(n, d) can only hold if t = n−d+12 , that is if T is as shown of
fig. 1a.
(b) If 2 | (n− d) then lemma 2 implies maxd′>d−3M(n− 2t− 1, d′) 6M(n− 2t− 1, d− 2).
The following two subcases are possible.
i. n > d+ 6. Then
M(n, d)− iM (T ) >M(n, d)−M(n− 2, d)− 2t−1 ·M(n− 2t− 1, d− 2) =
= (2(n−d−2)/2 − 2t−1)(ψd−3 − ψd−4) > 0,
and the equality iM (T ) = M(n, d) can hold only if t = n−d2 and diam(T
′) = d− 2.
But then T is as shown on fig. 1b.
ii. n = d+ 4. Then T is isomorphic to one of the trees on fig. 8a-8c. If T is as shown
on fig. 8a, then
M(n, d)− iM (T ) = 4ψd−1 − 2(ψd + ψd−5)− ψd−3 > 0.
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If T is as shown on fig. 8b, then M(n, d)− iM (T ) = 2ψd−1 − 4ψd−4 > 0. If T is as
shown on fig. 8c, then for 8 6 d 6 10 the statement of the theorem is easily checked,
and for d > 11 the induction hypothesis implies
M(n, d)− iM (T ) >M(n, d)−M(n− 2, d− 2)−M(n− 3, d− 3) = 0,
with iM (T ) = M(n, d) iff T is as shown on fig. 1b.
2. Vertex u is adjacent to t, t > 2, paths on two vertices and is adjacent to exactly one leaf. In
this case T is as shown on fig. 9b, where diam(T ′) > d− 3. We have
iM (T ) 6M(n− 2, d) + 2t−1 · max
d′>d−3
M(n− 2t− 2, d′). (2)
(a) If 2 - (n− d), then lemma 2 implies maxd′>d−3M(n− 2t− 1, d′) 6M(n− 2t− 2, d− 2).
Then from (2) it follows that
M(n, d)− iM (T ) >M(n, d)−M(n− 2, d)− 2t−1 ·M(n− 2t− 2, d− 2) =
= 2(n−d−1)/2(ψd−2 − ψd−4)− 2t−1(ψd−3 − ψd−4) >
> 2(n−d−1)/2(ψd−2 − ψd−4)− 2(n−d−3)/2(ψd−3 − ψd−4) =
= 2(n−d−3)/2(2ψd−2 − ψd−1) > 0.
(b) If 2 | (n− d), then lemma 2 implies maxd′>d−3M(n− 2t− 2, d′) 6M(n− 2t− 2, d− 3).
Then (2) implies
M(n, d)− iM (T ) >M(n, d)−M(n− 2, d)− 2t−1 ·M(n− 2t− 2, d− 3) =
= 2(n−d−2)/2ψd−1 − 2t−1(ψd−4 − ψd−5)− 2(n−d)/2ψd−5 >
> 2(n−d−2)/2ψd−1 − 2(n−d−2)/2(ψd−4 − ψd−5)− 2(n−d)/2ψd−5 = 0,
and for equality iM (T ) = M(n, d) to hold, it is necessary that t = n−d2 . But for t =
n−d
2
we have
M(n, d)− iM (T ) = 2(n−d)/2(ψd−1 − ψd−2)− ψd−3 > 4(ψd−1 − ψd−2)− ψd−3 > 0.
3. u is adjacent to one path on two vertices and one leaf. In this case T is as shown on fig. 9c,
where diam(T ′) > d− 3. Then, like in the previous case, we apply the induction hypothesis
and lemma 2:
(a) If 2 | (n− d), then
M(n, d)− iM (T ) >M(n, d)−M(n− 2, d− 1)−M(n− 4, d− 3) =
= (2(n−d)/2 − 1)(ψd−4 − ψd−5)− ψd−2 + ψd−3 >
> 3(ψd−4 − ψd−5)− ψd−2 + ψd−3 > 0.
(b) If 2 - (n− d), then
M(n, d)− iM (T ) >M(n, d)−M(n− 2, d− 1)−M(n− 4, d− 2) >
> (2(n−d−1)/2 − 1)(ψd−2 − ψd−4) + ψd−1 − ψd−3 − 1 > 0.
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4. It suffices to consider the case when u is adjacent to one path on two vertices and has no
neighboring leaves (that is deg u = 2). Consider u′ , the neighbor of u which is at distance 3
from the end of diametrical path P . The following four subcases are possible:
(a) u′ is adjacent to some path on two vertices. Then M(n, d)− iM (T ) > D3(n, d), where
D3(n, d) = M(n, d)−M(n− 2, d− 1)−M(n− 3, d− 1).
i. If n = d+ 3, then D3(n, d) = 3ψd−2 − ψd−3 − ψd > 0.
ii. If n = d+ 4, then for d > 12 we have
D3(n, d) = 2ψd−4 − ψd−3 − ψd−5 > 0,
and for 8 6 d 6 11 the inequality iM (T ) < M(n, d) can be easily checked by hand.
iii. If 2 - (n− d) and n > d+ 5, then
D3(n, d) > (2(n−d−1)/2 − 1)(ψd−2 − ψd−3) + ψd−1 − ψd−2 − 1 > 0.
iv. If 2 | (n− d) and n > d+ 6, then
D3(n, d) = 2(n−d−2)/2(2ψd−4 − ψd−2)− ψd−2 + ψd−3 − 1 >
> 4(2ψd−4 − ψd−2)− ψd−2 + ψd−3 − 1 > 0.
(b) u′ is adjacent to one leaf and no paths on two vertices. In this case proposition 1 and
the induction hypothesis imply iM (T ) 6 2M(n− 3, d− 2) < M(n, d).
(c) The degree of u′ is 2. Then we consider the vertex u′′ neighboring u′ , which is at
distance 4 of the end of P . Firstly we consider the case, when u′′ is adjacent to no
paths on two vertices. If d /∈ {9, 10} , or 2 - (n − d), then the theorem follows from
induction hypothesis and equality M(n − 2, d − 2) + M(n − 3, d − 3) = M(n, d). The
cases d = 9, 2 - n and d = 10, 2 | n have to be considered separately due to “non-
standard” behavior of M(n, d) for d = 7, 2 - n :
i. d = 9 and 2 - n . If T \ {w,w′} is not isomorphic to a tree on fig. 5a and at the
same time T \ {w,w′, u} is not isomorphic to the tree on fig. 4d, then induction
hypothesis implies iM (T ) 6M(n− 2, 7) +M(n− 3, 6)− 2 < M(n, 7). If T \ {w,w′}
was as shown on fig. 5a, or T \ {w,w′, u} was as shown on fig. 4d, then T would
have been in the scope of the previously considered cases 1, 3, 4b.
ii. d = 10 and 2 | n . If T \ {w,w′} is not isomorphic to a tree on fig. 1b and at the
same time T \ {w,w′, u} is not isomorphic to the tree on fig. 5a, then induction
hypothesis implies iM (T ) 6M(n− 2, 8) +M(n− 3, 7)− 2 < M(n, 7). If T \ {w,w′}
is isomorphic to the tree on fig. 1b, then T is isomorphic to the tree on fig. 5a. If
T \ {w,w′, u} was as shown on fig. 5a, then T would have been in the scope of the
previously considered cases 1, 3, 4b.
(d) The only case which suffices to be considered is when deg u′ = 2, and u′′ is adjacent to
at least one path on two vertices. The following four subcases are possible:
i. diam(T ) = 8. Then n > 11 and T is isomorphic to one of the trees on fig. 6a or 6b.
The following table shows that in these both cases we would have iM (T ) < M(n, 8).
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fig. iM (T ) M(n, 8)− iM (T )
6a 9 · 2(n−9)/2 + 3 2(n−9)/2 − 1
6b 9 · 2(n−10)/2 + 4 5 · 2(n−10)/2 − 4
ii. diam(T ) = 9. Then n > 14 and T is isomorphic to one of the trees on fig. 6c–6e.
The following table shows that in all these cases we would have iM (T ) < M(n, 9).
fig. iM (T ) lower bound for (M(n, 9)− iM (T ))
6c 9 · 2(n−10)/2 + 3(2p + 2(n−10−2p)/2) + 1 7 · 2(n−12)/2 − 5
6d 9 · 2(n−11)/2 + 3 · 2p + 6 · 2(n−11−2p)/2 3 · 2(n−9)/2 − 6
6e 9 · 2(n−12)/2 + 6(2p + 2(n−12−2p)/2) 2(n−4)/2 − 10
iii. d > 10 and T is as shown on fig. 9d. If 2 | (n− d) and n > d+ 6, then
M(n, d)− iM (T ) >M(n, d)−M(n− 2, d)− 3 · 2t−1 ·M(n− 2t− 5, d− 4) =
= 2(n−d−2)/2(ψd−1 − 3ψd−6)− 3 · 2t−1(ψd−5 − ψd−6) >
> 2(n−d−2)/2(ψd−1 − 3ψd−6)− 3 · 2(n−d−4)/2(ψd−5 − ψd−6) =
= 2(n−d−4)/2(2ψd−4 − ψd−3) > 0.
If n = d+ 4, then t = 1 and
M(n, d)−iM (T ) >M(d+4, d)−M(d+2, d)−3M(d−3, d−4) = 4ψd−1−2ψd−2ψd−3 > 0.
If 2 - (n− d), then
M(n, d)− iM (T ) >M(n, d)−M(n− 2, d)− 3 · 2t−1 ·M(n− 2t− 5, d− 5) =
= 2(n−d−1)/2(ψd−2 − 3ψd−7)− 3 · 2t−1(ψd−6 − ψd−7) >
> 2(n−d−1)/2(ψd−2 − 3ψd−7)− 3 · 2(n−d−3)/2(ψd−6 − ψd−7) =
= 2(n−d−3)/2(2ψd−2 − 3ψd−4) > 0.
iv. d > 10 and T is as shown on fig. 9e. Then if 2 | (n− d) and n > d+ 6, we have
M(n, d)− iM (T ) >M(n, d)−M(n− 2, d)− 3 · 2t−1 ·M(n− 2t− 6, d− 5) =
= 2(n−d−2)/2(ψd−1 − 3ψd−7)− 3 · 2t−1(ψd−6 − ψd−7) >
> 2(n−d−2)/2(ψd−1 − 3ψd−7)− 3 · 2(n−d−4)/2(ψd−6 − ψd−7) =
= 2(n−d−4)/2(2ψd−3 − ψd−4) > 0.
If n = d+ 4, then t = 1 and
M(n, d)−iM (T ) >M(d+4, d)−M(d+2, d)−3M(d−4, d−5) = ψd−1+2ψd−3−2ψd−2 > 0.
If 2 - (n− d), then
M(n, d)− iM (T ) >M(n, d)−M(n− 2, d)− 3 · 2t−1 ·M(n− 2t− 6, d− 4) =
= 2(n−d−3)/2(2ψd−2 − 3ψd−6)− 3 · 2t−1(ψd−5 − ψd−6) >
> 2(n−d−3)/2(2ψd−2 − 3ψd−6)− 3 · 2(n−d−5)/2(ψd−5 − ψd−6) =
= 2(n−d−5)/2(4ψd−2 − 3ψd−3) > 0.
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